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Abstract
We examine the energetics of Q-balls in Maxwell-Chern-Simons theory in two space dimensions.
Whereas gauged Q-balls are unallowed in this dimension in the absence of a Chern-Simons term due to
a divergent electromagnetic energy, the addition of a Chern-Simons term introduces a gauge field mass
and renders finite the otherwise-divergent electromagnetic energy of the Q-ball. Similar to the case of
gauged Q-balls, Maxwell-Chern-Simons Q-balls have a maximal charge. The properties of these solitons
are studied as a function of the parameters of the model considered, using a numerical technique known
as relaxation. The results are compared to expectations based on qualitative arguments.
A class of non-topological solitons (see [1] for a comprehensive review) dubbed Q-balls were examined
some time ago by Coleman [2]. These objects owe their existence to a conserved global charge. Under
certain circumstances, a localized configuration of charge Q can be created which has a lower energy than
the “naive” lowest-energy configuration, namely, Q widely-separated ordinary particles (each of unit charge)
at zero momentum. This latter state obviously has energy Qm, where m is the mass of the quanta of the
theory. If another configuration of charge Q can be constructed whose energy is lower, then that state cannot
decay into ordinary matter: either it is stable or some other “non-naive” configuration of the same charge
and still lower energy is stable.
Coleman studied the three-dimensional case with a charged scalar field φ. The Q-ball is a spherically
symmetric configuration where |φ| is nonzero inside a core region and tends to zero as r → ∞; its phase
varies linearly in time. A mechanical analogy permits a clean demonstration of the necessary conditions
which must be satisfied by the potential in order for Q-balls to exist. It is particularly easy to analyze the
case of large charge, since then the surface energy can be neglected compared to the volume energy. Among
Coleman’s conclusions is the fact that there is no upper limit to the charge of a Q-ball (if they exist in the
first place); furthermore, the interior of a sufficiently large Q-ball is homogeneous.
The case of small Q-balls was analyzed by Kusenko [3], who (along with many others) also proposed
possible astrophysical signatures ofQ-balls (see [4] and references therein). Possible applications in condensed
matter physics have been analyzed in [5, 6, 7]. A number of other variations have been studied since, including
non-abelian Q-balls [8, 9], gauged Q-balls [10, 11], Q-stars [12], Q-balls in other dimensions [13, 14], higher-
dimensional Q-objects [15, 16], spinning Q-balls [17, 18], and so on.
Of particular interest here is the paper of Lee, et al. [10], who discussed the case of gauged Q-balls in
three dimensions, using a combination of analytical and numerical techniques. They argued that when the
charge exceeds a critical value the Q-ball’s energy exceeds Qm, so the Q-ball is at best metastable. This
is intuitively reasonable, since a ball of electric charge will have a Coulomb energy which grows roughly as
the square of the charge, so eventually the Q-ball will be unable to compete with ordinary matter. On the
other hand, as the charge decreases the Q-ball gets smaller and smaller; surface effects become important
and eventually destabilize the Q-ball. These two observations indicate that there may or may not be a range
of charges for which Q-balls exist, depending on under what circumstances each effect becomes significant.
Another result of their analysis is that the core of a large gauged Q-ball is not homogeneous, essentially
because the charge repels itself, and the electromagnetic energy is reduced by having the charge migrate to
the surface of the Q-ball.
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In two dimensions, the gauged Q-ball’s existence is problematic, for a fairly straightforward reason:
the electric field goes like 1/r and the electric field energy diverges logarithmically. Such a divergence is
sufficiently mild that one could still contemplate a configuration of several positively- and negatively-charged
Q-balls with total charge neutrality, in the spirit of global cosmic strings and vortices in liquid helium which
also have logarithmically divergent energies. Nonetheless, strictly speaking, an isolated gauged Q-ball in two
dimensions has divergent energy and therefore cannot hope to compete energetically with ordinary matter.
However, a new possibility exists in two dimensions: one can consider a model with a Chern-Simons term,
either on its own or in addition to the usual Maxwell term. The motivation for studying such a model falls
into two classes. First, at least two concrete physical examples where a Chern-Simons term has important
effects on a planar system have been advanced: the fractional quantum Hall effect (see [19] for a thorough
discussion), and a proposed mechanism of superconductivity based on anyons [20]. In addition, whenever a
fairly simple model gives rise to such rich behaviour, it is worth examining in detail, without the need to
evoke physical applications to justify the work.
Among the well-known physical effects of the Chern-Simons term (to say nothing of its profound mathe-
matical properties) are a greater interplay between electric and magnetic phenomena (for example, a static
charge distribution gives rise to both electric and magnetic fields) [21, 22], parity and time reversal violation
[23], fractional spin and statistics [24, 25], and mass generation for the gauge field [26]. The latter property
is particularly pertinent here since the electric field of a Maxwell-Chern-Simons (MCS) Q-ball decays expo-
nentially, and the argument given above leading to the conclusion that the electric field energy diverges no
longer applies. Thus, we can address the question of whether gauged Q-balls exist (that is to say, whether
they can compete energetically with ordinary matter) in 2 space dimensions if the Chern-Simons term is
present.
The possibility of MCS Q-balls was noted by Khare and Rao [27, 28], who argued that finite-energy
charged configurations can exist in such models. However, they did not study the energetics to see how these
configurations compare in energy to ordinary matter. Nontopological solitons similar to Q-balls have been
studied in certain self-dual models with Chern-Simons term in [29, 30]; see also [31] for a review.
In this paper we do such an analysis, numerically. We begin by describing the model studied and the
Q-ball ansatz generalized to the MCS case. Next, we make some qualitative observations to indicate what
we might expect. In the remainder of the paper, we describe the numerical approach used and the results
obtained.
The model we consider has a complex scalar field φ(x) with gauged U(1) symmetry, described by the
following Lagrangian (in 2+1 dimensions):
L = −
1
4
F 2µν +
κ
2
ǫαβγAα∂βAγ + |Dµφ|
2 − V (φ), (1)
where Fµν = ∂µAν − ∂νAµ, Dµφ = (∂µ + ieAµ)φ, and the potential is
V (φ) = φ∗φ−
1
2
(φ∗φ)2 +
g
3
(φ∗φ)3. (2)
We have eliminated the coefficients of the quadratic and quartic terms in the potential with appropriate
rescalings of the coordinate and fields. The potential is renormalizable in 2+1 dimensions, and is the simplest
which admits ungauged Q-balls [2]. The precise requirements of the potential are that it be minimized at
the origin (so that the symmetry is unbroken), and that a parabola passing through the origin exists which,
firstly, is wider than the potential at the origin, and, secondly, intersects the potential at some nonzero field
value. These are satisfied if g > 3/16.
The conserved particle number (henceforth referred to as charge) is
Q = i
∫
d2xφ∗
↔
D0φ, (3)
while the energy is
E =
∫
d2x
(
|D0φ|
2 + |Diφ|
2 + V (φ) +
1
2
F 20i +
1
4
F 2ij
)
. (4)
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Since the mass of the φ field is unity, this sets the standard to which Q-balls must be compared. If we
can construct a field configuration for which E/Q < 1, then it cannot decay into ordinary matter, and either
it or some other lower-energy configuration of the same charge is stable. To look for such a configuration,
we use an ansatz where the scalar field is rotationally symmetric and has a constant frequency ω, along with
appropriate gauge fields (recall that, with the Chern-Simons term, electric charge is a source for both electric
and magnetic fields):
φ(x) = e−iωtf(r), A0(x) = α(r), Ai(x) =
ǫijrj
r
β(r). (5)
The field equations become
f ′′ +
f ′
r
+
(
(ω − eα)2 − e2β2 − 1
)
f + f3 − gf5 = 0,
α′′ +
α′
r
− κ(β′ +
β
r
) + 2e(ω − eα)f2 = 0, (6)
β′′ +
β′
r
−
β
r2
− κα′ − 2e2βf2 = 0,
while the charge and energy are
Q =
∫
d2x 2(ω − eα)f2,
E =
∫
d2x
{
(ω − eα)2f2 + f ′2 + e2β2f2 + f2 −
1
2
f4 +
g
3
f6 +
α′2 + (β′ + β/r)2
2
}
.
(7)
The boundary conditions at the origin are
f ′(0) = 0, α′(0) = 0, β(0) = 0, (8)
while as r →∞ these three fields must tend towards zero. Their asymptotic behavior in this limit is
f(r) ∼ e−
√
1−ω2r, α(r) ∼ e−κr, β(r) ∼ 1/r. (9)
The asymptotic form of β is a pure gauge, and describes the total magnetic flux, which can be seen to be
proportional to the charge by integrating the second of Eqs. (6).
There is a restriction on the frequency ω for which Q-balls may exist, which can be seen by looking at
the ungauged version of the first of Eqs. (6). The ω-dependent term can be thought of as being a part of an
effective potential, and (as explained in [2]) for Q-balls to exist,
√
1−
3
16g
< ω < 1. (10)
For ungauged Q-balls, values of ω near the upper end of this range correspond to small Q-balls, while the
lower end of the range corresponds to large Q-balls. Things are slightly more complicated in the gauged case
(whether with or without a Chern-Simons term), as will be described below.
The equations of motion have four parameters: e, g, κ, ω. Of these, the first three are parameters of
the model itself (appearing in (1)), while the fourth is a parameter of the ansatz. A potentially interesting
limit of the model is the pure Chern-Simons case. This can be realized by the change of variables A¯µ ≡ eAµ
and κ¯ ≡ κ/e2, after which the only appearance of e in the Lagrangian is in the first term, which becomes
−F¯ 2µν/4e
2. The Maxwell term is then eliminated by setting e → ∞ with κ¯ fixed. We have not studied this
limit here, although our analysis suggests that Q-balls would require a very large value of κ¯.
Once a solution is found, the energy and charge are evaluated using (7), and the ratio of the two indicates
whether decay to ordinary matter is energetically possible or not.
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Of particular interest is the lowest value of E/Q for given parameters of the model, since this indicates the
maximal energy savings gained in forming a Q-ball; it is thus an indicator of the most stable configuration
(at least, among Q-balls). Let the charge which minimizes E/Q be Qmin. If Qmin is zero or infinity, then
Q-balls would tend to break apart or coalesce, respectively. For finite values of Qmin, it is easy to see that
several Q-balls of charge less than Qmin would tend to coalesce to one or more Q-balls of charge Qmin, while
a Q-ball of greater charge could reduce its energy by giving off Q-balls of charge Qmin. (A more precise
statement would require more detailed knowledge of E/Q as a function of Q.)
Given that the model has three parameters, a complete exploration of parameter space would be rather
involved. Rather than do this, since we are most interested in the effect of the Chern-Simons term on the
existence and properties of Q-balls, we have restricted ourselves to a specific value of g (namely, g = 0.5),
chosen arbitrarily, apart from the fact that it does fall into the allowed range given above.
What can be said qualitatively, before attacking the problem numerically? Even in a gauged model
without Chern-Simons term [10], a qualitative analysis is much more difficult than in the ungauged case
because, with the addition of the gauge field, Coleman’s mechanical analogy no longer applies. This is all
the more so in the MCS case, where the ansatz has three fields. However, a couple of general observations
can easily be made.
Suppose we held Q fixed and “turned on” e. Clearly, this would create an additional contribution to the
Q-ball energy coming from the electromagnetic field. Thus, we would expect E/Q to increase with e for fixed
Q; furthermore, we would expect the maximal charge at which Q-balls occur to decrease with increasing e,
very similar to the gauged case [10].
As for the Chern-Simons term, as mentioned above, its presence is essential (in two dimensions) since
without it the Q-ball’s energy diverges, so we cannot turn its coefficient κ on, since it cannot be zero. How
do we expect the energetics to vary as the coefficient of the Chern-Simons term varies? Since the gauge
field’s mass is proportional to κ, the electromagnetic fields have a decay length of 1/κ, so as κ increases,
the electromagnetic contribution to the Q-ball energy should decrease, and Q-balls should be stable over a
wider range of the other parameters (or, equivalently, over a wider range of charges).
These two qualitative behaviours are indeed seen in our numerical work, as will now be discussed.
The search for Q-balls was performed using an iterative method known as relaxation, as described in
detail in [32]. A discretized configuration is provided as an initial guess; the algorithm estimates an error
by determining to what extent this configuration is not a solution, adds a correction to the configuration in
an intelligently-chosen “direction” in configuration space, re-estimates the error, and so on, until the error
is sufficiently small.
Note that the relaxation process is in no sense an actual physical evolution of the system. In particular,
the charge is not conserved from one iteration to the next. The method attempts to find an approximate
solution, given the four parameters e, g, κ, ω. A more physical approach would be to specify e, g, κ and
the charge Q and calculate the minimum-energy solution for fixed Q; however, Q and ω are inextricably
linked, and we could not replace one by the other.
Let us describe in detail our results for typical values of the parameters of the model: (e, g, κ) =
(0.1, 0.5, 2.0). Varying ω within the allowed range given in (10) (for g = 0.5, this is 0.7906 ≤ ω ≤ 1)
reveals two classes of Q-ball, which can be described as small and large Q-balls. Small Q-balls, with charges
ranging from about 20 to roughly 2000, exist in the range 0.8111 ≤ ω < 1.0, while large Q-balls, with
charges ranging from about 2000 to 43000, exist for 0.8111 ≤ ω ≤ 0.8995 (Fig. 1). For ω in the tiny region
0.7906 ≤ ω ≤ 0.8111, no Q-ball solutions were found.
Also displayed in Fig. 1 are typical small and large Q-balls. Note that, as was the case with gauged
Q-balls [10], the charge density of large Q-balls increases from the centre to the exterior before dropping off,
a behaviour which can be attributed to the repulsive gauge force. Note also that the prominent “tail” of the
field β in Fig. 1d is a pure gauge, as mentioned above; all physical quantities tend to zero exponentially as
r →∞, as expected.
The distinction between small and large Q-balls is not arbitrary. Indeed, note the substantial overlap of
the regions where small and large Q-balls are found: for 0.8111 ≤ ω ≤ 0.8995, this was the case. For any
ω in this overlap region, Q-balls of two different charges exist. For instance, at ω = 0.85, the charges turn
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Figure 1: Q and E vs ω for (a) small and (b) large Q-balls, at parameter values (e, g, κ) = (0.1, 0.5, 2.0).
Typical (c) small and (d) large Q-ball profiles, at ω = 0.85. Their charges are 99.998 and 19557, respectively.
out to be very close to 100 and 20000. As ω decreases, the difference between the charges decreases, tending
toward zero as ω approaches 0.8111, though numerical instability left a tiny gap (which we believe to be a
numerical artifact) between the two.
Since E/Q ≥ 1 for ordinary matter, the energetic advantage of forming a Q-ball can be seen by comparing
E and Q. From Figs. 1a,b, it is apparent that large Q-balls are more advantageous than small Q-balls; this
can be seen more directly by plotting E/Q as a function of ω and of Q (Fig. 2). The tiny gap in these figures
is the numerical artifact just mentioned, due to the numerically delicate transition between small and large
Q-balls.
Nothing particularly dramatic occurs in the extreme cases; for instance, as ω approaches unity (the max-
imum allowed value), the Q-ball profile tends smoothly towards a nontrivial but qualitatively unremarkable
limit; its charge approaches the smallest Q-ball charge found, namely, about 23.63. In this same limit, the
energetic advantage, E/Q, approaches 1 from below, so these Q-balls are only marginally preferable over
ordinary matter. Similarly, at the large end of the large Q-ball curve, no dramatic change occurred to the
solution found; from one value of ω to the next the solution simply disappeared. No amount of coaxing
(for instance, changing ω extremely slowly and using the previous solution as initial guess) could entice the
program to converge. We also attempted to study these endpoints using a different method (shooting, also
described in [32]), to no avail.
Two features of our results are unexpected. The first concerns the fact that, while Q is a monotonic
decreasing function of ω in the ungauged case, this is not the case of MCS Q-balls: small Q-balls act in this
way, but the charge of large Q-balls is a monotonic increasing function of ω. Indeed, the very existence of
two Q-balls at the same value of ω is unlike the ungauged case.
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Figure 2: E/Q vs (a) ω and (b) Q, at parameter values (e, g, κ) = (0.1, 0.5, 2.0). Note the tiny gap between
the upper and lower branches of (a) (corresponding to small and large Q-balls, respectively), and the left
and right branches of (b) (idem).
The second unexpected feature of our results concerns the maximum Q-ball charge. As explained above,
while there is no upper limit to the ungauged Q-ball’s charge, we anticipate a maximal charge in the gauged
case (with or without the Chern-Simons term), due to the electromagnetic contribution to the Q-ball’s
energy. This contribution, one would think, should give rise to E/Q > 1, at which point Q-balls are
no longer energetically advantageous compared with ordinary matter. Indeed there is a maximal charge.
However, as can be seen from Fig. 2, this occurs when E/Q is increasing but nonetheless considerably less
than one. (At the maximal charge, E/Q = 0.8540). This is also the case with gauged Q-balls in three
dimensions, as can be seen from Fig. 3 of [10]. Perhaps there is another explanation for this maximal charge
(other than the inability to compete energetically with ordinary matter), but we have not come up with one.
Let us now discuss the effect of varying e and κ on Q-ball energetics, beginning with e. As mentioned
above, increasing e is expected to give rise to a greater electromagnetic contribution to the Q-ball energy,
reducing the range over which they exist. This behaviour is borne out by our analysis, as illustrated in Fig. 3,
where E/Q is plotted as a function of ω and of Q for several values of e. At the largest value displayed
(e = 0.5), Q-balls exist only for ω > 0.9685, and the maximal charge is only about 130. (To compare, the
maximal charge at e = 0.05 is about 650,000!)
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Figure 3: E/Q vs (a) ω and (b) Q, for various values of e, with (g, κ) = (0.5, 2.0).
As for varying κ, as we have already argued above, we expect that increasing κ (with all else fixed) will
reduce the electromagnetic contribution to the Q-ball energy, and will therefore lead to an increase in the
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range and stability of Q-balls. Again, our analysis confirms this expectation, as shown in Fig. 4.
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Figure 4: E/Q vs (a) ω and (b) Q, for various values of κ, with (e, g) = (0.1, 0.5).
We are now in a position to speculate on what is to be expected in the pure Chern-Simons limit. This
corresponds to e → ∞ with κ/e2 fixed. Figures 3 and 4 indicate that Q-balls offer the greatest energy
advantage for small e and large κ; these suggest that κ¯ must be quite large in order for Q-balls to be
energetically advantageous in this limit. This speculation could be tested with further work.
To summarize, we have argued that in two space dimensions, a Chern-Simons term (or some other mass
generation mechanism for the gauge field) is necessary in order for Q-balls to have finite energy. Considering
the simplest model which might then give rise to Q-balls, we have performed a numerical search for these
objects. Two types were found for a wide range of parameters, large and small Q-balls, the former being
more stable in that they typically have lower values of E/Q. While many aspects of the behaviour of these
objects are largely as expected, the fact that large Q-balls cease to exist when they do (in particular, with
E/Q well below unity) is surprising and merits further study.
We thank Manu Paranjape for interesting conversations. This work was funded in part by the National
Science and Engineering Research Council.
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